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Abstract

In this paper we examine the construction of Clarke's derivative for vector-valued
functions. We use another kind of Lipschitz functions, which allow us to leave the
context of normed spaces. As base of the generalization we use the approach used by
Clarke for real functions. For vector-valued functions, Clarke uses the Rademacher
theorem, which is not available in general contexts.
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1. Introductory notations and definitions

Let F be an real ordered vector space, whose order relation is denoted by < . If

a, be F, a < b, then we denote by [a, b] the order segment {x eF:a<x< b} )
A set AC F is called full, if from a, be A, a < b it follows [a,b] CcA.If F is

also a topological vector space and there exists a base of full neighborhoods of 0, then
F s called a topological ordered vector space. The topological convergence is
called 7 -convergence.

An ordered vector space is called archimedian if for every x = 0 we have:

o1

inf—x=0.
" n

A normed lattice is an ordered vector space which is a lattice, and the norm

satisfy the condition:

== Il <[]

Every normed lattice is archimedian and has closed positive cone.
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In an ordered vector space, the order convergence of a generalized sequence
(x 5 ) sen 18 called @ -convergence and it is defined as follows.

The sequence (xd) sea 18 @-convergent to x if there exists two generalized

and (bs )seS

upper bound x, the sequence b, is decreasing and has greatest lower bound x, and

sequence (a, )teT such that the sequence q, is increasing and has least
for every (,5) €T xS thereis &, € A such that for every & > &, we have:
a <x;<b,.

If F is a topological ordered vector space, we say that the topology of F' is
@ -continuous if every generalized sequence which is decreasing to 0 (hence
@ -convergent to 0) is also 7 -convergent to 0.

2. A class of continuous functions

We denote by E a topological vector space, and by /' a topological ordered
vector space. We denote also by F, the cone of positive elements of £ .

Let E, — E beanyset, and f : E; — F be a vector valued function.

Using the topological structures of £ and F', we obtain the usual notion of
continuous function. But exists continuous functions which are not order bounded.

Example 1. Let E; = [0, l], F= C[O, 1] with the usual order, and the norm
1
Hx(-)HZHX(I)‘dt. Let f:[O,l] —>C[O,l] be defined by f(O)ZO and for any
0

xe(O,l], let f(x) be a continuous function y() defined on the interval [0,1]

taking real values, and being such that:

et

sin —
1

. ﬂy(t)‘dt:x .

0

Then, for every &>0, f([O,g]) is not order bounded, but Hf(x)” =x<g,

for every x e [0,8] , hence f is continuous in x =0, despite the fact that it is not

order bounded in none of the neighborhoods of x=0.
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On the other hand, we can take only the order structure of F' and define the

7@w-continuous functions. For such a function, if (xg) is a generalized sequence

JeA

which is 7 -convergent to x° then ( f (xb.)) is a generalized sequence which is

deA
 -convergent to 0. But such functions are not always topologically bounded.

Example 2. Let E, = [0,1], and F be the space of those real functions defined

on [0,1] which have bounded derivative. We consider on F - the usual order, and the
norm defined by:
() = mane o ()] masx| ' (1)
Let f:[0,1]—> F be defined by f(x)=0, if x;t%, and for x :% let
f(x) € F be a function defined on the interval [0,1], in the following way:

(nt—l)2 , forte {0,1}

n

0, forte(l,l}.
n

1 .
Then [ f (—jj is a decreasing sequence to 0, and lim

n n—0

S(x)(1)=

1
f (—j =+00.
n
1
Because for x # — we have f (x) =0, it follows that f is @ -continuous in x =0,
n

but it is not 7 -bounded in none of the neighborhoods of x =0.

We suppose now that /' is order complete. Combining in /' the topological
structure with the order structure, we introduce the following notion of continuous
function.

For a neighborhood V' of x such that h(V) is order bounded, we denote by
suph(V) the least upper bound of the set h(V) and by inf h(V) the greatest

lower bound of the same set. We obtain in this way two generalized sequences
(Suph(V))VerV and (infh(V))Vev of elements of F .

Definition 1. 4 function h:E, — F is called m-continuous in x’ e E, ifitis

order bounded on a neighborhood of x° and:
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7 —lim(suph(V)) =7 —lim(inf h(V)) = h(x°).

Vev Vev
The definition implicitly suppose the existence of limits involved.

We recall that if £ is a normed space, a function f:E — F is called o-

Lipschitz if there is an element L of F, such that for every x,y € E we have:

Ly = f(x) =7 () = Lxy].

Proposition 1. Let E be a normed space. If f : E, — F is locally o-Lipschitz,

then f is m-continuous.

Proof. Let x" € E,, V = B(xo;r) be a ball of centre x° and radius 7 € R,
on which f* is o-Lipschitz, with Lipschitz constant L € F', . Then we have
Lxy[= /(%) -7 (v) SL[xy], vxyeV.
Taking y = x°, we have:
F(x )Ly £ £ () S£(x") Ly
It follows that:

, VxeV.

f(xo)-Lr <sup f(x)< f(x°)+Lr.
xeV
Hence T—lign(suph(V)) =f (xo). In the same way we obtain that

T —li;n(infh(V)) = f(xo), hence f is m-continuous.

Proposition 2. Letr x° €E, and h:E,—F be a function which is m-

. . 0 . .
continuous in x° . Then h is T -continuous.

Proof. Let V,, be a neighborhood of x° on which % is order bounded, and
V'V, any other neighborhood. Denote inf h(V) with i(V) and Suph(V) with
S(V) . We have, for xel:

i(V)=s(V) S h(x)=h(x") Ss(V)-i(V). (1)

If U is a full neighborhood of 0, because the generalized sequences i(V) and

S(V) are 7 -convergent to h(xo) there is a neighborhood ¥, of x” such that if

V <V, then i(s(V) -i(V)) e U . Because we can choose U full, it follows that
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the order interval [i(V)-S(V),S(V)-i(V)] is contained in U . Hence from (1) we
have:

h(x)—h(xo)eU,Ver,

which means that /4 is 7 -continuous in x°.
We will use the following lemma (the proof is adapted from [3]):

Lemma 1. Let F be a topological ordered vector space. If F| is closed, then

every generalized sequence from F which is T -convergent and increasing, has a
least upper bound and this coincides with the topological limit of the sequence. It is
also @ -convergent to this limit.

Proof. Let (x5 )55A be such a sequence, let / be his limit. If §,0'e A 6 <0
then we have x; < x'; and taking the limit following &' we obtain x5 </ because
the cone F, is closed. Hence / is an upper bound of the sequence. If m is another
upper bound, we have x; Sm for every 0 € A hence taking the limit we obtain

[ < m . Hence [ is the least upper bound of the sequence.

Proposition 3. Let h: E, = F be any function. We suppose that F, is closed.

We consider the following two assertions:

1) h is m-continuous at x° € E,

2) lim i (x) = lim 2(x)=h(x°).

Then:
a. 1) = 2).
b. If the topology of F' is @ continuous, then also 2) = 1).

Proof. a. Because /1 is m-continuous, we have:
. . _ 0 — 1
T h;nz(V)—h(x ) T h;ns(V),
hence, F, being closed, we obtain with lemma 1:

lim 2(x)=supi(V)=7—lims(V)= h(xo).
x—x° Veux®

v ek’
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In the same way, we have:

Er%h(x)zh(xo).

b. The hypothesis means:
h(xo) =supi(V)=inf s(V),

Ve’ ven
hence i(V)Th(xO) and s(V)th(xO). This means i(V)—w>h(x0) and

s (V) —w> h (xo ) hence i(V) —T> h (xo ) and s (V) —T> h (xo ) because the topology of
F is w-continuous.
Hence / is m-continuous.

3. Clarke’s subdifferential

This kind of continuous functions is useful to define Lipschitz functions and
Clarke’s derivative in spaces which are not metric spaces.

Definition 2. 4 function A: E — F is called positive subhomogenuous, if

A(/I)g/IA(x), VxeE,VieR, 1>0.

Definition 3. 4 function f:E,c E—F s called A-Lipschitz on E,, if

there is a positive subhomogenuous and m-continuous function A: E — F', such that

A(x) = A(—x), VxeE, and

—A(x=y)S f(x)-f(y)S4(x-y), Vxy€eE,.

Definition 4. Let f:E,c E—F be an A-Lipschitz function and let
x’ e E,. The Clarke’s directional derivative of f in x’ is the function
f° (xo;.) :E — F defined by
xX+Av)—f(x
fo(xo;v)=limsupf( ) f( )

AN A

It is a good definition, because:
N f(x+/1v)—f(x) - A(lv)
A = A
62
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and lim supf(x+/lv)_f(x)d;f inf Supf(xJ”lV)_f(x)

x> ANO0 A VEV\.O xeV A
&0 2(0.2)

exists, because F

is order complete.

Lemma 2. Let f,g:E,c E—>F be two functions, order bounded in a
neighborhood of a € E, Then:

limsup(f(x)+g(x)) < £illgsupf(x)+£i_rgsupg(x).

xX—a

Proof. Let c§11/1€11f sxlg)(f(x)+g(x)) where 1V €/, is the family of all

neighborhoods of a . Let V° € v fixed. Then:

}E«f sul]?(f(x)+g(x)) = ;requ sul]?(f(x)+g(x)),

because the generalized sequence {sup( f (x) + g(x))} is decreasing. We have:
xeV

vey,

c§sup(f(x)+g(x))§supf(x)+supg(x), vwecV’, Ve?,,

xelV xelV xeV

and, successively:
c—supg(x)<sup f(x)

xeV xeV

: ~ <1
Vlrglfo (c supg(x)j < £1_r)ralsupf(x)

xeV

c—sup (supg(x)j < £i£515upf(x)

VQVO xeV

c—limsup f(x) < sup (supg(x)j =supg(x).

x—a yer® \ xer el

Because V' is arbitrarily, it follows:

X—a

c—limsup f(x) < inf (supg(x)j =limsup g(x).
eV \ xer x—a
Hence, for every ¢ € F' for which ¢ < lim sup(f(x) + g(x)) we have:
¢ <limsup f(x)+limsup g (x)
S0
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lim sup (f(x) +g (x)) <limsup f (x)+limsup g (x).

Lemma 3. Let E be a topological vector space. The family of functions
¢ ExE—>F,te [0,1], defined by:

o (x,y)=x+ty
is echicontinuous.

Proof. Let 1), an fundamental system of neighborhoods of O containing
balanced neighborhoods. Then {VO +ty0}V _V is a fundamental system of
neighborhoods of ty,.If te (0,1] we have:

t! (VO +ty0) = z‘_lVO +¥o 2V + Y,
because V, is balanced. It follows:
t(Vo+y,) S (V4 3 ) =V, + 19, YV, €9, V120,

because for #=0 the inclusion is obvious. Let U € ¥, 1.e. U+U V. Then we

have:

0, (U+x,U+y))=U+x,+t(U+y,)cU+x,+U +1y,
<V +x,+1y,

hence {Q)t(-,-)}te[o A is equicontinuous.

Theorem 1. Let f:E,C E— F be a function locally A-Lipschitz on E,.
Then:

1. f0 (xo;.) is positive homogeneous and subaditive on E , and we have:

+/°(x,v) S 4(v)
where A is the Lipschitz constant of f .

2. The function (x,v) = 0 (x, v) is upper semicontinuous.

3. The function f 0 (xo; ) is A-Lipschitz on E (with Lipschitz constant A ).
4. f° (x,—v) = (—f)0 (x,v).

Proof. 1. Clearly, £/ (x,v)< A(v) and f° (x,Av)=Af°(x,v), if 120.
We have:
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fo(x;v+w)=

f(y+tv+tw)—f(y) f(y+tv+l‘w)—f(y+tw)+

limsup < limsup
Yox N0 t Y2X N0 t
+lim sup f(y+tw)—f(y) =f° (x;v)+f° (x;w)

YN0 t
hence f° (x,.) is subaditive.
2. Let x° eE,, W €E, vV, ef(/x , be arbitrarily. With Lemma 2, let
Ue?,, UcV, U,e?,, besuch that:
U +tU, cV,+0". )
(2) Let t#0 and yeU,, be arbitrarily, and x, €E,, x, = x°,
v,eE, v, >V, ie N. Let iye N be such that i>i, = x,eU, and v, eU,.
Then from (2), it follows y +tv, = y'+#v, with y'e V. Hence we have:

frm)=f(p) _fo')=r () r()-r()

t t t
But y'=y+t¢ (V,- —° ) , hence we obtain:

Fy+m)-1(») f(y+n®)=1 (") f(y+t(v,- —vo))—f(y).

= +
t t t

Taking the least upper bound following y € U,, we have:

S(+m)-f(») ésupf(y'+fvo)‘f(y')

sup +

yeU, t y'e, t

+sup f(yH(Vi —Vo))—f(y) < sup f(y'+ WO)_f(y') +
yeV, t y'e¥, t

+A(Vi -’ )

Taking now the supremum following ¢ € (0, 8] , we have:

f(y+m)-1(») §Supf(y'+n,0)_f(yv)

sup +A(vi—v°).
yeU, t y'er, t
O<t<e O<t<e

On the other hand,
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A

7 (x,,v,) = inf supf(y+tv;)_f(y)

Vev, yeV

>0 1(0.¢)
=sup

f(y+v)-f(»)

220 e(0,0) 1e(0,)

< inf sup

4= yev

f(y+v,)-1(»)
t

for every i=i,. Hence, for every V| ef(/x , there is an iy € N, such that i>i,

implies:

fo(xl.;vi)§supf(yv+tv )-£ ()

y'ely t
te(0,¢]

We take first least upper bound following i > n and we obtain:

' 0y '
Supfo(xl.;v,.)gsupf(y +fvt) f(y)+supA(vi—V0).
izn y'el, izn

te(0,¢]

+A(vi—v°).

Now we take greatest lower bound following 7 € N:

f(y+n®)=7(»")
t

+infsupA(vi —vo),

neN

: 0

inf sup f° (x,;v,) < sup

neN >y y'ely
1e(0,¢]

And, finally, greatest lower bound following ¥, and &:
fly+o')=1(y'
infsup /*(x;;v,) < inf sup ( ) ( )+infsupA(vl.—v°).

neN >y VOE(VXO y'ely t neN >y
&>0 te(0,¢]

Hence we have the relations:

1) - '
limsup /°(x,;v,) < inf supf(y ’ ) At )+limsupA(vl.—v°):
i—w Voef(/x0 y'el, t i—w
>0 1e(0,€]

=f0(x0,v0),

because A being m-continuous, we have:

limsupA(vl. —vo)zo.

i—0

3. The Lipschitz condition implies:
—A(t(v—w))+f(y+tw)§f(y+tw)§f(y+tw)+/l(t(v—w))

which means:
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_A(V_W)+f(y+fW)—f(y) S rmw) -7 (y)

<
t t o
< f(y+tM;)—f(y) +A(v—w).
Taking limsup, we obtain:

VeV, ¢s0

—A(v=w)+ " (xw) S [P (xv) S O (xw)+4(v—w),
which is equivalent to:
i(fo(x;v)—fo(x;w))§A(v—w),

hence 3.

4. We have, using the notation © = x'+tv:
£° (x;—v)limsup fr=m)= /() _ limsup S(ur)=(=f)(x) =

XX N0 t UDX NGO t
=(=f) (xv).

Lemma 4 (see [4]). If F is an order complete vector lattice, E, a subspace of

E, p:E— F a sublinear function, and U :E, — F is a linear operator upper

bounded by p, then there is a linear extension U of U, which is also upper
bounded by p .

Corollary 1. In the context of the previous lemma, if p:E — F is a sublinear
function, then for every v, € E there is a linear operator U : E — F such that

U(vy)=p(vy)and U(v)< p(v), YveE.

Proof. We take E, ={Av,: 1 €R} and we define U, : E, — F by
U(Avy)=2p(v,)-

Because p is subaditive and positive — homogeneous, we apply the previous

lemma. The operator U has also the property U (Vo) =p (VO) .

Definition 5. The subgradient of f:E,C E — F at x" € E, is the set
Gf(xo) = {U IS £(E,F): U(V) < f(xo;v), Vv e E}
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Theorem 2. We suppose that the conditions of theorem [1] are satisfied. Then:
1. The set Of (x) is non-empty and convex.

2. Every U € 8f(x) is m-continuous and we have
iU(v)§A(v), VveE.
3. VveE, fo(x;v):max{ U(v):Uedf(x) }

Proof. 1. The function f° (x;.) is sublinear. From Corollary (1), of (x) .
We have:
U(v)<S f*(xv)SA4(v), VveE,

hence:

thus:
iU(v) §A(v), VveE.

Because A is m-continuous, it follows that U is m-continuous.

2. Let v, € E. From Corollary (1) it follows that there is U,:E — F a linear
operator, such that:

U,(v)S f°(xv), YeE and Uy(v,) = " (x5v,).
Hence U, €0f (x) and f°(x;v,) =max{ U(v,):U €df () }.

We will use next the following result.

Proposition 4 (see [1]). Let E, F be two topological vector spaces, F a
separate one. A subset H of L(E , F ) is relatively compact in L(E , F ) endowed
with the simple convergence topology, if and only if for every x € E the set:

}[(x)z{H(x):He?[}

is relatively compactin F' .

Proposition 5. We suppose that the conditions of theorem [1] are satisfied, and
that the topology of F' is generated by a norm ”” .

If the norm is monotone, which means:
tx<y = <[y

then:

1. 8f(x) € E(E,F) is echicontinuous.
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2. If for every a,b € F the intervals [a,b] are o -compact, then of (x) is

o -compact in L[ (E, FG) where F is endowed with the weak topology
G(E F *) ,and in L(E R FU) is considered the topology of simple convergence.

Proof. 1. For every U e@f(x) we have iU(v) < A(v), Vv e E hence by

the monotonicity of norm, it follows that HU (V)HSHA(V) , hence the

echicontinuity of the family of (x)

2. We show that df (x) is echicontinuous in £, (E,F, ) too. Indeed, for every
E, c F_ open and containing 0, there is G < /' open neighborhood of 0 such that
G c E, . Then there is V' neighborhood of 0 in £ such that U(V) cGCcE,, for
every U e of (x), because Of (x) is echicontinuous in L(E,F). It follows that
of (x) is echicontinuous in £ (E , Fa) too.

We have —A(v)fU(v)fA(v), hence the orbit {U(v) U e 8f(x)} is
relatively o -compact, because the intervals are relatively o -compact. 1t follows
from Proposition (4) that Of (x) is relatively o -compact in L (E,FG). On the

other hand, of (x) is closed in £ (E,F,). Indeed, let (Uy), , be a generalized

deA

sequence such that U is pointwise convergentto U . Let o € F ",a>0 we have:
<a;U5 (v)> < <a;f° (x;v)>, VveE.

Taking the limit, we obtain:
<a;U(v)> < <a;f° (x;v)>, VveE.

Because the positive cone of F is closed and « is arbitrarily, it follows that ([3],

prop. 1, pp. 92):
U(v)§f0(x;v), VvekE,

hence U € 0f (x). Thus 0f (x) is closed in £, (E,F, ), hence compact.

4. Relation with other derivatives

Definition 6. A4 normed lattice of type (M) is a normed lattice F in which the
norm satisfy the condition:

0<x,y=> ||xvy|| = max{”x

b

y }, vx,yeF.

Definition 7. A normed lattice of type (L) is a normed lattice F in which the
norm satisfy the condition:

0= 2,y =t o =]+
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The link between these two types is showed in the following well-known
proposition.

Proposition 6. If F is a normed lattice of type (M), then F: is a normed
lattice of type (L).

Theorem 3. Let f:E,c E — F a function, E, a neighborhood of X in the

Banach space E, and F a separable Banach lattice of type (M). The following
conditions are equivalent:
i) f is strictly-differentiable at x, with the strict derivative denoted U ;

ii) f is o-Lipschitz around x and for every v € E the limit

ST 2y

7—lim
x'>x
N0

exists.

Remark 1. The implication ii) = i) is true without the condition F separable
and of type (M).

Proof. i) = ii) We suppose that i) is true. Then it is known that the equality
stated by ii) take place. We show next that f is o-Lipschitz around x. If it is not the
case, for every neighborhood V' of x, and for every pe F,, p=0 p#0 there is
x',x" eV, such that:

()= () =]
Let Vn=B(x;lJ, p,=np, with peF \{0}. Then there is x, ,x," two
n

sequences which are convergent to x, such that:

VACREVACH) Fie

' "
x,—x,"l, Vne N,

which means:

‘f(xn ')—f(xn ")‘sfnpo. X, '—x, "||—F+, VneN.

. . "
Because the positive cone F is closed, the set npo.”xn - X,

—F, is closed and

convex, hence with the separation theorem, there is &, € F: such that |an =1 and
<an; f(x")-f(x, ")D >(a,;y), Vy<np,.|x,'=x,"|, vneN.
It follows that &, = 0 and, in particular,
<an; f(xN—1(x, ")D >(a,; py)n|x,'~x,"|, vneN. 3)

Let . >0 and v, € E, be determined by the condition:
70



! ,VneN.

i

tv,=x"-x '

n'n n n

v

n

Then we have:

x "—x '

n n

=n X, "—xn'”S\/;.g—)O.

\% n

n

n

From (3) it follows:

(@

<a ; f(x+t,)-f () >2(0€,12Po>-\/;’ VneN. (4)

, VneN,

f(x, +tv,)-f(x, ')D 21, <0€,,;Po>.n.

V}’l

and so:

! ¢

n

Because the space F: is of type (L), the set:

S+:{aeF::a20, and |a|

:1}

is convex, hence o closed, thus o is compact by Alaoglu’s theorem. Because F is
separable, the closed unit ball in the dual F:

B (0,1)= {a eF : |o|< 1}
endowed with the topology o is a metrizable space. We can hence suppose that
(a, )n is o -convergent to some a’ €S, . If lilrln<an;p0> =0, then <a0;p0> =0,
hence p, is a support point for F . But because the subspace generated by £, is
F ,and F is separable, there is a point of F, which is not a support point for £, .
We suppose that p, is such a point. Then li’{n<0{n; p0> # 0. Hence, for every £>0

there is n, € N such that <an; p0> > ¢ Vn2=n,. From (4), we obtain:

<an;\f(xn )= 1 (5,)

t

>2$.\/;, VneN,n>n,. ®)
On the other hand, the set K = {vn ‘ne N} U{O} is compact in £ and from

the definition of the strict derivative, it follows that for every &'>0 there is
n,. € Nsuch that forevery Vn > n,,, we have:

”f(xn "+ tnvn)—f(xn ')

t

n

<g', Vvek.

—U(v)

Taking v=v, and ¢'=¢ we obtain:
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ngy(vn oo <o]+e.

f(xn "+ tnvn)—f(xn ')
t

n

Hence the sequence [ J is bounded. Also, the
neN

sequence (an )n is bounded too. But because the bilinear mapping (a, y) = <a, y>

from F, "xF to R is (o x7 )-continuous, this contradicts (5). Hence f is 0-

Lipschitz around x.
ii)=1i) It is known that if the equality from ii) is true, and f is locally

Lipschitz in x, then f is strictly differentiable in x. Let L € F' be the Lipschitz
constant of f. Because the norm of F is monotone, for a neighborhood V' of x
we have:

|7 ()= s ()] = L=

Hence, f is locally Lipschitz at x, hence it is strictly-differentiable at x, and U is
the strict derivative of f at x.

Proposition 7. Let E be a topological vector space, F' a topological ordered

vector space, which is order complete. Let f:E,C E—>F be an A-Lipschitz

function in a neighborhood of x € int E; having a Gateaux derivative Dg f (x)

Then Dgf(x) € 8f(x).

Proof. By hypothesis, there exists D, f (x):E — F' a linear operator such
that:

f'(x;v)zlti{{}f(x”vt)_f(ﬂ

We have, for every V' € ¥/ and every £>0:
Pxtm)-S(3) T ()

t yel K
s5€(0,¢)

=D,/ (x)(v).

, Vte(0,¢),

Hence:

limf(x+tv)_f(x) < sup S(y+sv)=/(y)

N0 t yeV S
5€(0,¢)

, VVe? ,Ve>0.
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Finally,

Sxt)=f(x) f(r+sv)=/(¥)

lim < inf sup ,
N\O t Vele yer s
£>0 se(O,g)

which means Dgf(x) € 8f(x) .

Corollary 2. In this context, because the Frechet derivative Df (x) and the

strict derivative D, f (x) are Gateaux derivatives too, we have Df (x) eof (x) and

Dsf(x) € af(x).

Lemma 5. Let F be a normed lattice in which the unit ball is order bounded.

. 1 1
Let xeF be arbitrarily. If we denote i, = 1nfB(x;—j, and s, = supB(x;—j
n n

then we have:
supi, =x=1nf's .
n

n

Proof. Denote B =B (x;l]. Let u be an upper bound for B,. Because
n
B, c B, , wehave x'Su, Vx'e B, .If ye B,, then:
1
||y—x||£;:>||ny—nx||£l:> Hny—(n—l)x—x”ﬁl,

Hence, ny—(n—l)xeBl, thus we have ny—(n—l)xéu, which means

1 1
yS—x+—u+x.So:
non

A

x<supB, S—(x+u)+x, VneN",

S |-

and we have from this:
x=infsupB, =infs,
n n

because a normed lattice is an archimedian space.
Analogously, we obtain supinf B, =sups, =x.
n

n

Proposition 8. We suppose that the topology of F is defined by a norm and
that the unit ball is order bounded. If f : E, C E — F is strictly-differentiable at x
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and it is A-Lipschitz around X, then af(x) = {Dgf(x)} where Dsf(x) is the strict

derivative of [ at x.

Proof. By proposition (7), D_f (x) eof (x) Conversely, we show that:

/*(xv)=D.f (x)(v)
For every n there is a neighborhood ¥, of x and there is &, >0 such that:

f(x'+ ﬂv)—f(x')

eDSf(x)(v)+B(O;l), vx'eV,, V/ie(O,gn).
n

A
It follows that:
sup f(x +/1v)_f(x ) Ssup(Dsf(x)(v)+B(O;lD .
x'eV, /1 n
Ae(0,¢,)

We have:

f(x'+/1v)—f(x') f(x'+/'tv)—f(x')

fH () =inf wp T st wp T s
>0 ﬂe(O,:“) 15(0,5““)
< infsup[DS f(x)(v)+B(0;lD _ D,f (x)(v)+inf sup B[o;lj _
n n n n

=D.f(x)(v)

Hence, f 0 (x; v) <D.f (x)(v) The converse inequality is true, hence the wanted
equality.

Proposition 9. We suppose that the topology of F is @ -continuous. If f is A-
Lipschitz around Xx and 8f(x) = {U} Ue £(E,F) then [ is strictly-
differentiable in x and Dsf(x) =U.

Proof.  We  show  that f0 (x;v) = U(V) ,VveE. We have
f°(x;v)=U(v), YveE. If there is v' such that f°(x;v") 2 U(v'), YveE

then from theorem (1), there is U': E — F a continuous linear operator such that:

fo(x;v)zU'(v), VveE,
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and f° (x;v) =U'(v'). Hence U'e 8f(x). Because U'(v') #* U(v') we have

8f(x) * {U} , a contradiction. Hence f (x;.) =U and f° (x; —v) =—f° (x;v) .
We take now a generalized sequence (x,, )VE , indexed with the neighborhoods

of x, such that x, € V. Then the sequence is 7 - convergent to x. Also, we take a

generalized sequence (ZV) of real numbers, decreasing to 0.

Far)=r () - S )=1 ()
t, - yeV A .
le(O,t‘,)

The right part is a generalized sequence, @ -convergent to f 0 (x;v). Because the

topology of F is @-continuous, it is also 7 - convergent to f 0 (x;v):U (v)
Hence we have:

limf(xV +tvv)—f(xv) <

Vev
tV

U(v).

On the other hand, because f 0 (x; —v) =—f 0 (x; v) we have:

f°(x;v)=sup inf (—f(x_ﬂv)_f(x )J:sup inf f(y+/1v)—f(y),
Ve, X'eV ﬂ, Wev, yeWw ﬂ,
>0 )“6(0’5) >0 4€(0,¢)

where we have denoted x'— Av = y. Also we have:

The right part is @ -convergent to f 0 (x;v) =U (v), hence 7 -convergent, because

the topology of F' is @ -continuous. Taking the limit, we have:

f(xv +tvv)—f(xv)

lim =U(v),Vx, >x,vt, 10,
Vev tv
hence:
supf(x +tvt)—f(x ) =U(v), VveE.
x'—>0
N0

Now from theorem (3) it follows that f is strictly differentiable in x and
D, f(x)=U.
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